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The  purpose  of  this  note  is  to  give  a  complete  self-contained  proof  of 
Statman's  finite  completeness  theorem  and  of  a  corollary  of  this  theorem 
stating  that  the  A-definability  conjecture  implies  the  higher-order  matching 
conjecture.  Both  results  are  proved  in  [8]  (theorem  2  and  5).  Although,  since 
[8]  assumes  some  familiarity  with  typed  A-calculus  model  theory  and  presents 
several  results  in  short  space,  it  may  be  not  very  accessible  to  readers  not 
familiar  with  this  subject. 

Section  1  gives  the  basic  notations  used  in  the  paper.  The  reader  not 
familiar  with  simply  typed  A-calculus  should  consult  Hindley  and  Seldin  [3]. 
Section  2  presents  standard  models  for  simply  typed  A-calculus,  it  is  based 
on  Henkin  [2].  Section  3  presents  the  Completeness  theorem,  it  is  based 
on  Friedman  [1],  Plotkin  [5]  [6]  and  Statman  [9].  Section  4  presents  the 
construction  of  a  model  for  some  equational  theories.  Section  5  presents 
Statman’s  finite  completeness  theorem.  Both  section  4  and  5  are  based  on  [8]. 
Section  6  presents  the  A-definability  conjecture.  The  notion  of  A-definability 
is  taken  from  Plotkin  [5]  [6j.  This  conjecture  has  been  studied  by  Plotkin  and 
Statman.  At  last  section  7  presents  the  higher  order  matching  conjecture  and 
the  proof  that  the  A-definability  conjecture  implies  the  higher  order  matching 
conjecture.  The  decidability  of  higher  order  matching  is  conjectured  in  Huet 
[4].  the  equivalence  of  the  higher  order  matching  problem  and  the  higher 
order  matching  problem  with  closed  terms  if  proved  in  [7]  and  the  proof  that 
the  A-definability  conjecture  implies  the  higher  order  matching  conjecture  is 
from  [8],  this  proof  is  also  discussed  in  Wolfram  [10]. 


1  Typed  A-calculus 


1.1  Types 

The  set  of  types  is  defined  by 

T  =  i  |  (T  —  T) 


The  notation  a  — *  3  — *  7  is  an  abbreviation  for  (a  -»  -»  7)). 
Obviously  a  type  can  be  written  in  a  unique  way  a  =  — ►  ...  — ► 
[t  o  is  a  type,  the  order  of  a  (o(a))  is  inductively  defined  by 
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and 


o(a  — ►  0)  =  max{  1  4-  o(c*),o(/?)} 


1.2  Terms 

A  context  is  a  set  of  pairs  T  =  {<  x,,  a,  >}  where  x,  is  a  variable  and  a,  is 
a  type,  such  that  if  <  x,  a  >€  T  and  <  x,/3  >€  T  then  a  =  0. 

The  set  of  terms  is  defined  by 

t  =  x  (  (t  t)  |  Ax  :  T.t 

The  notation  (t  u  v )  is  an  abbreviation  for  ((<  u)  u). 

The  judgement  the  term  t  has  type  a  in  the  context  T  (T  h  t  :  a)  is  inductively 
defined  by 

•  if  <  x,  a  >€  T  then  T  h  x  :  a, 

•  if  T  h  t  :  q  — ►  0  and  T  h  u  :  a  then  T  h  (t  u)  :  0, 

•  ifru{x:a}b*:/3  then  T  t~  Ax  :  a.t  :  a  — *  fl. 

Obviously  if  a  term  t  has  type  a  and  0  in  a  context  T  then  a  =  (3. 

VVe  write  for  the  set  of  terms  t  such  that  T  h  t  :  a. 

1.3  Normalization 

If  t  and  u  are  terms,  we  write  t[x  *—  u]  for  the  term  obtained  by  substituting 
the  free  occurrences  of  x  by  u.  We  write  t  >u  when  t ,  /3/7-reduces  in  some  steps 
to  u.  A  term  is  said  to  be  /^-normal  if  it  does  not  contain  any  redexes.  We 
write  t  =jr,  u  when  t  and  u  are  ^-equivalent.  As  proved  in  [3]  the  reduction 
relation  is  strongly  normalizable  and  confluent  on  well-typed  terms,  thus  a 
well-typed  term  has  a  unique  /Jrj-normal  form. 

Obviously  a  normal  term  can  be  written  in  a  unique  way 

t  =  Axi  :  Qi....Axn  :  an-(x  c1  ...  cp) 

where  x  is  a  variable. 

Let 

t  —  Xxi  :  o1....Axn  :  a„-(x  c\  ...  cp ) 
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a  normal  term  of  type  aj  — >  ...  — ♦  am  — >  t.  The  normal  77-long  form  of  t  is 
inductively  defined  as 

t  —  Axj  .  ou....Axn  .  an.Axn+i  .  On+i----Axm  :  o;m.(x  Cj  ...  Cp  xn.j.j  •••  :rm) 
where  c'  is  the  normal  77-long  form  of  ct  and  x'  is  the  normal  77-long  form  of 


2  Standard  Models 

In  typed  A-calculus  model  theory,  we  do  not  look  at  A-terms  as  at  functions 
but  rather  as  at  notations  for  set-theoretical  functions. 

Definition:  Standard  Model 

A  standard  model  is  a  family  of  sets  indexed  by  types  ( Ma)a  such  that 
Definition:  Assignment 

Let  T  be  a  context  (Ma)a  be  a  standard  model,  an  assignment  from  T 
onto  (Ma)a  is  a  function  v  which  maps  every  variable  x  of  type  a  of  T  to  an 
element  of  Ma. 

Definition:  Interpretation 

Let  T  be  a  context,  ( Ma)a  be  a  standard  model  and  v  an  assignment  from 
this  context  onto  this  model,  we  define  the  function  v  which  maps  every  term 
of  A£  to  an  element  of  Ma  by 

•  7>(X)  =  7/(x), 

•  if  u  is  a  term  of  type  a  — ►  0  and  v  of  type  a  then  i>(u  v)  =  7>(u)(t/(t’)), 

•  if  u  is  a  term  of  type  0  then  for  all  d  €  MQ,  i>{ Ax  :  a.u)(d)  =  i/+(u) 
where  i^+(x)  =  d  and  v+(y)  =  v{y)  for  y  ^  x. 

Notation:  Let  (Ma)a  be  a  standard  model  and  t  and  u  two  terms  with  the 
same  type  a.  we  write  ( Ma)a  t  =  u  if  for  each  assignment  t/,  we  have 
0{t)  =  t>(u). 

Remark:  Given  a  set  Af.  there  exists  only  one  standard  model.  (Ma)a  such 
that  M,  =  M. 


Moreover  if  M  and  M'  are  two  sets  with  the  same  cardinal,  then  we  can 
construct  an  obvious  isomorphism  between  the  standard  models  ( Ma)a  and 
( M'a)a  based  on  M  and  M' .  Indeed  let  us  consider  a  bijection  $  between 
M  and  M'  we  construct  a  family  of  bijections  between  Ma  and  M'a  by 
<fh  =  $  and  =  $0  o  /  o  $~x. 

Obviously  if  1/  is  an  assignment  onto  ( Ma)a  then  the  function  v'  which 
maps  every  variable  x  of  type  a  to  the  element  $a(r/(x))  is  an  assignment 
onto  (A/' )0  and  for  each  every  t  of  type  a  v'(t)  =  4>Q(t/(t)).  So  if  t  and  u  are 
two  terms  of  the  same  type  then  ( Ma)a  (=  t  =  u  if  and  only  if  ( M’a)a  (=  t  =  u. 

So  given  a  cardinal  £  there  exists  only  one  standard  model  (up  to  isomor¬ 
phism)  such  that  \1L  has  cardinal  £,  we  write  it  M 

3  Completeness  Theorem 

Definition:  Friedman-Plotkin  Model 

Assume  T  contains  an  infinite  number  of  variables  of  each  type.  Let 
Mt  =  A(r/  =i},,  and  ( Ma)a  the  standard  model  built  on  this  set. 

Proposition:  There  exists  an  assignment  v  such  that  for  every  t  of  type  i 
we  have  i>(t)  =  t/  =0n. 

Proof:  VVe  construct  the  eissignment  u  by  induction  over  the  order  of  the 
types  of  the  variables  of  T.  If  x  has  type  i  then  i/(x)  =  x/  —0ri.  Then  assume 
the  definition  of  v(x)  given  for  all  the  variables  x  of  order  strictly  lower  to  k. 
Let  i3  =  7j  7n  — ♦  i  be  a  type  of  order  lower  or  equal  to  k,  t  a  term  of 

type  3  and  d  €  Mj.  we  write  t  €  d  if  for  all  variables  xi  :  71,  ...,xn  :  7n  which 
do  not  occur  free  in  t  we  have  ( t  x\  ...  xn)  €  d(^(xi))...(i/(xn)).  Obviously  if 
t  €  d  and  u  €  d  then  t  =0rj  u. 

Let  x  be  a  variable  of  type  a  =  3\  3n  t  of  order  k ,  we  define 

u(x)  by 

i/(x){di)...(dn)  =  (x  U  tn)/  =0V 

if  there  exists  <,  €  d\,  ...,  tn  6  dn  (obviously  the  element  (x  t\  ...  tn)/  —0n 
does  not  depend  of  the  choice  of  and  v{x)(d\  )...(dn)  be  anything 

otherwise. 

VVe  prove  by  induction  on  the  structure  of  the  normal  77-long  form  of  t 
that  t  €  0(t).  Let  t  be  a  term  of  type  3\  — ►  ...  — 7  &n  — *  t.  Since  there  is  in  T 
an  infinite  number  of  variables  of  each  type  there  are  in  f  variables  X]  : 
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....  xn  :  3n  which  do  not  occur  free  in  t.  Modulo  bound  variable  renaming 
the  term  t  can  be  written 

t  =  Axx  :  Ax„  :  fln.(x  u x  ...  up) 

By  induction  hypothesis,  for  every  i,  we  have 

u,  e  v(ui) 


so  by  definition  of  u  we  have 

v(x)(i>(ul))...(i>(up))  =  (x  u i  ...  u„)/  -0r} 


i.e. 

(x  Ux  ...  un)  e  v{x){u{ux))..\i/{up)) 
i.e. 

(x  U\  ...  u„)  €  v{x  tij  •••  Up) 
so 

(Axx  :  /?i.... Ax„  :  0n.(x  ux  ...  up )  x,  ...  xn) 

6  i>( Axx  :  0i....Xxn  :  0n.(x  Ui  ...  up))(u(xt))...(i/(x„)) 
i.e. 

(t  x,  ...  xn)  6  i>(t)(i/(xi))...(j/(xn)) 
so 

<  €  i>(t) 

bo  if  t  has  type  i  then  t  €  £(<),  i.e.  i/(f)  =  f/  =^. 

Theorem:  ( Friedman-Plotkin)  Completeness  Theorem 

If  t  and  u  are  terms  of  type  a  then  ( Ma)a  )=  t  =  u  if  and  only  if  t  =gv  u. 
Proof:  Obviously,  if  t  =0n  u  then  {Ma)a  [=  it  =  it.  Conversely,  if  we  have 
( \[a )a  \=.  t  =  u  then  let  us  write  the  type  of  t  and  u  a  =  3 x  — ►  ...  3n  —*  i. 
Since  there  is  in  T  an  infinite  number  of  variables  of  each  type,  there  are  in 
T  variables  xx  :  3t,  ...,x„  :  /?„  which  do  not  occur  free  in  t  and  u.  We  have 

(Ma)a  f=  (t  Xx  ...  X„)  =  (ti  Xx  ...  Xn) 

so  using  the  previous  proposition 

(/  Xx  ...  X„ )  /  =  ;?„  =  (u  Xx  ...  Xn)/  =3r, , 


0 


i.e. 


( t  X\  ...  Zn)  =0V  («  X\  —  *n) 


thus 


t  =0v  « 


Corollary:  Let  <  and  u  be  two  terms  of  type  a,  t  =0V  u  if  and  only  if  for  all 
standard  models  M,  M  [=  t  =  u. 

Corollary:  If  £  is  an  infinite  cardinal  and  t  and  u  are  terms  of  of  type  a 
then  |=  t  =  u  if  and  only  if  t  u. 

Proof:  Let  us  consider  a  context  T  that  contains  £  variables  in  the  type  i 
and  a  denumerable  number  of  variables  in  the  other  types.  The  model  M 
constructed  above  is  such  that  M  t  =  u  if  and  only  if  t  =-pn  u.  This  model 
is  isomorphic  to  the  model  M \  so  M ^  ^  t  =  u  if  and  only  if  t  =pv  u. 

Remark:  If  n  in  a  finite  cardinal  then  the  completeness  theorem  fails  for 
the  model  Mn  because  if  Mt  is  finite  then  Ma  is  finite  for  every  type  a  and  if 
(Ma)o,  verifies  the  completeness  theorem  then  M is  infinite.  Indeed 
call 

p  —  Ax  :  L.Xf  :  t  —*  <,.(/...(/  x)...) 

if  p  and  q  are  distinct  integers  then  p  q  and  so  i>(p)  ^  i>(q)  and 
is  infinite. 

So  iV/€  verifies  the  completeness  theorem  if  and  only  if  £  is  infinite. 


4  Equational  Theories 

Let  T  be  a  context  such  that  all  the  types  of  the  variables  in  T  are  of  order 
at  most  two.  Let  E  be  a  set  of  equations  {cq  =  6, }  where  a,  and  6,  are 
well-typed  in  T  and  have  type  i  in  T.  We  consider  the  smallest  equivalence 
relation  compatible  with  term  structure  that  contains  =pv  and  the  equations 
of  E.  We  write  this  relation  —3ve- 

Definition:  The  relation  —p^e 

The  relation  =<jve  is  inductivelly  defined  by: 

•  if  t  —  iv  u  then  t  =pnE  u. 

•  if  a  =  b  €  E  and  c  is  a  term  of  type  t  — *  a  then  (c  a)  —pvE  (c  b). 
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®  if  t  — 0nE  ^  then  u  — 0ijE  F 

•  if  t  =0nE  u  and  u  =ove  v  then  t  =0Ve  v, 

Definition:  Statman’s  Model 

Let  Mt  =  Af /  =g, 1e-  Let  ( Ma)a  be  the  standard  model  built  on  ML. 

Proposition:  If  ( Ma)a  \=  t  —  u  then  t  =0t,e  u- 
Proof:  Let  the  assignment  v  be  defined  defined  as 

•  if  x  has  type  i,  then  u(x)  =  x/  =0ve, 

•  if  x  has  type  i  i  — *  i  then  v(x)  =  /  where 

f(dx)...(dn)  =  (x  U!  ...  un)/  =0vE 

with  iii  €  dx,  un  €  dn  (obviously  the  class  of  the  term  (x  tti  ...  un) 
does  not  depend  on  the  choice  of  «j,...,un). 

By  induction  over  the  structure  of  the  normal  form  of  t,  we  have  for  every 
term  t  of  type  t,  i>{t)  —  t/  =0ve •  Indeed,  because  t  has  type  t  its  normal 
form  can  be  written  t  =  (i  uj  ...  un)  since  t  is  well-typed  in  T  the  variable 
x  is  of  order  at  most  two  and  the  u,  have  type  i.  So  u(ux)  —  uxj  =0^,  •••, 
i>(un)  =  unf  =0Ve-  And  by  definition  of  1/,  i/(x)  maps  ux/  =0ve, un/  =0r,E 

tO  (X  Ui  ...  Un)/  =0VE ■  So  l/{x  U\  ...  Un)  =  (X  Uj  ...  Un)/  =0vE- 

If  {XU)a  (=  t  =  u  then  u{t)  =  £(u)  so  t /  =0Ve=  u/  =0Ve  i-e.  t  =0ve  u- 

Remark:  The  converse  is  obviously  false.  If  E  contains  an  equation  x  =  y 
where  x  and  y  are  two  variables  of  type  1  and  M  is  a  non  trivial  model  then 
there  exists  an  assignment  v  such  that  u(x)  ^  v(y). 

Remark:  The  proposition  is  obviously  false  if  t  and  u  do  not  have  type  1. 
Indeed  consider  a  variable  /  of  type  1  — +  t  and  a  set  E  which  contains  the 
equations  (/  0  =  t  for  all  the  terms  t  of  type  t,  we  have  XI  f  =  Xx  :  i.x 
but  /  Xx  :  i.x. 

Remark:  The  proposition  is  obviously  false  if  T  contains  variables  of  order 
greater  than  two.  Indeed  consider  a  variable  /  of  type  /  — +  1  and  F  of 
type  (1  -*  1)  —*  1  and  a  set  E  which  contains  the  equations  (/  t)  =  t 
for  all  the  terms  t  of  type  1,  we  have  XI  j=  (F  f)  =  (F  Ax  :  i.x)  but 
I  F  f)  4- (  /•'  Ax  :  i.x). 


5  Finite  Models 


Definition:  A  model  is  said  to  be  finite  if  the  set  Mt  is  finite. 

We  want  to  sharpen  the  completeness  theorem  of  section  3  and  build  a 
finite  model.  As  remarked  in  section  3,  the  completeness  theorem  fails  for 
such  a  model,  so  our  completeness  requirement  will  be  weaker.  For  each 
closed  term  t,  we  are  going  to  construct  a  finite  model  Mt  such  that  for  each 
closed  term  u,  Mt  |=  t  —  u  if  and  only  if  t  u.  We  do  not  require  the 
model  Mt  to  be  uniform  over  t. 

5.1  A  Remark  on  the  Relation  =pVE 

Proposition:  Let  E  =  {<Zi  =  6,}  be  a  set  of  equations  such  that  for  every  i, 
a,  and  6,  have  type  i.  Let  t  and  u  be  two  terms  such  that  t  =pvE  «■  Then 
either  the  normal  forms  of  t  and  u  are  identical  or  they  both  have  a  subterm 
in  the  set  T  =  {a,, 6,}. 

Proof:  By  induction  on  the  structure  of  the  proof  of  t  = 

•  If  t  =0r)  u  then  the  normal  forms  of  t  and  u  are  identical. 

•  If  t  =  (c  a)  and  u  =  (c  b)  then  if  x  has  an  occurrence  in  the  normal 
form  of  (c  i)  then  a  is  a  subterm  of  the  normal  form  of  (c  a)  and  b  is 
a  subterm  of  the  normal  form  of  (c  b).  Otherwise  the  terms  (c  a)  and 
(c  b)  have  the  same  normal  form. 

•  if  u  =,? t  then  by  induction  hypothesis,  either  the  normal  forms  of  u 
and  t  arc  identical  of  they  both  have  a  subterm  in  T. 

•  If  t  =gnE  v  and  v  =aVE  u  then  call  t',  v\  u'  the  normal  forms  of  t,  v ,  u. 
By  induction  hypothesis,  either 

-  t'  =  v'  and  v'  =  u' ,  in  this  case  t'  =  u', 

-  t'  and  v'  have  a  subterm  in  T  and  v'  =  u',  in  this  case  t'  and  u' 
have  a  subterm  in  T , 

-  t'  =  v'  and  v'  and  u'  have  a  subterm  in  T,  in  this  case  t'  and  u' 
have  a  subterm  in  T, 
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-  t'  and  v‘  have  a  subterm  in  T  and  v'  and  u'  have  a  subterm  in  T, 
in  this  case  t'  and  u'  have  a  subterm  in  T. 

Corollary:  Let  E  =  {a,  =  6,}  be  a  set  of  equations  such  that  for  every  i, 
a,  and  6;  have  type  i.  Let  t  and  u  be  two  terms  such  that  no  subterm  of  the 
normal  form  of  t  is  an  a,  or  a  6,,  then  t  —gvE  u  if  and  only  if  t  =gv  u. 

5.2  Finite  Models  for  Terms  of  Order  Lower  than 
Three 

Before  giving  the  theorem  in  its  full  generality,  we  shall  consider  the  simpler 
case  in  which  the  order  of  the  type  of  t  is  lower  than  three. 

Proposition:  Let  <  be  a  closed  term  which  type  is  of  order  at  most  three. 
There  exists  a  finite  model  Mt  such  that  Mt  |=  t  =  u  if  and  only  if  t  —gv  it, 
and  the  number  of  elements  of  ML  is  computable  in  function  of  t. 

Proof:  Let  a  —  0i  /?„  — »  i  be  the  type  of  t.  Let  T  be  the  context 

L  =  {i!  :  0i,...,xn  :  /?„}.  The  types  of  the  variables  of  T  are  of  order  at 
most  two.  Let  it  be  a  closed  term  of  type  a,  wc  have  t  =gv  u  if  and  only  if 
( t  Xi  ...  x„)  —gn  ( u  x i  ...  x„).  Let  E  be  the  set  containing  all  the  equations 
a  =  b  with  a  and  b  in  Af  and  neither  a  nor  6  is  a  subterm  of  the  normal  form 
of  ( t  xi  ...  xn).  Using  the  proposition  above  ( t  Xj  ...  xn)  =gn  (u  xi  ...  x„)  if 
and  only  if  (t  xi  ...  xn)  =3ve  («  X\  ■■■  ^n)- 

Let  us  consider  the  model  Mt  constructed  at  the  section  4.  Obviously 
if  /  —;3n  u  then  Mt  f =  t  =  u.  Conversely  if  we  have  Mt  (=  t  =  u  then 
Mt  [=  [t.  x i  ...  xn)  =  (u  Xi  ...  xn).  So  (t  Xi  ...  xn)  =0„e  (u  x i  ...  xn).  therefore 
(/  i'i  ...  x„)  =.)n  (tt  x i  ...  xn)  and  t  =gn  u. 

The  number  of  elements  of  Ml  is  1  -f  k  where  k  is  the  number  of  dis¬ 
tinct  subterms  of  the  normal  form  of  ( t  xi  ...  xn)  of  type  t,  it  is  therefore  a 
computable  in  function  of  t. 

5.3  General  Case 

Definition:  Length  of  a  Term 

Let  t  =  Axi  :  on  ....Axn  :  an.(x  d\  ...  dn)  be  a  normal  7/-long  term,  we  define 
the  length  of  t  (|f|)  by  induction  on  the  number  of  variables  occurrences  of  t 


9 


by 

|£|  =  1  +  max{|Axi  :  ari....Axn  :  an.d,|} 

Consider  a  closed  term  t  of  type  a,  we  shall  prove  that  we  can  find  terms 
W\,...,wp  of  type  q  — *  l  which  free  variables  are  of  order  at  most  two  and 
such  that  for  each  closed  term  u  of  type  a,  t  =pv  u  if  and  only  if  for  all  i, 
(w,  t )  =jv  ( w i  u).  Then  we  will  be  able  to  conclude  as  above. 

Without  loss  of  generality,  we  can  assume  that  t  is  normal  77-long.  We 
shall  first  construct  a  term  w  such  that  (w  t)  (w  u)  for  all  the  normal 
77-long  closed  terms  u  that  do  not  have  the  same  length  as  i.  Then  for  each 
normal  77-long  closed  term  u  such  that  u  /  t  and  u,  has  the  same  length  as 
t  we  shall  construct  a  term  w  such  that  (w  t)  (w  u).  Since  the  number 
of  normal  77- long  closed  terms  which  have  a  given  length  and  a  riven  type  is 
finite,  this  will  give  us  a  finite  number  of  U7,. 

Proposition:  Let  t  be  a  normal  77-long  closed  term  of  type  a,  there  exists 
a  term  w  of  type  a  — +  1  such  that  for  every  normal  77-long  closed  term  u  of 
type  a,  if  |<|  ^  |u|  then  (w  t)  ^0V  (tv  u)  and  the  free  variables  of  w  are  of 
order  at  most  two. 

Proof:  For  each  integer  p  consider  a  variable  zv  of  type  1  t  — ►  1.  We 

define  by  induction  over  the  structure  of  a  a  term  ca.  Let  us  write 

a  -  3X  — >  *  /3P  — ♦  i 

and 

=  7 1  -»  •••  -►  7,1,  —  t 


Let  us  define 

cQ  —  Ajj  .  Si....Axp  .  j3p.(zv  (xj  cyi...Cyi^)  ...  (xp  cyp ...CyP^ ) ) 
Now  consider  a  term 


Let  us  write 


t  =  At/!  :  ot\ .... Aj/n  :  an.(y,  dx  ...  dp) 

a,  =  d,  .ip  — ►  t 
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and 


3X  =  7l‘  ->  ...  -»  7,\ 


Let  us  define 


&  =  7f  -  -  %PP 


d  =  Ay!  :  ai....Ay„  :  an.<fx 


ev  =  Ayt  :  c*i....Ayn  :  an.dp 

We  have 

(<  C0l  ...  CQn)  =  (^p  (^1  Cai  ...  CQn  C^l  ...  C-,1^  )  ...  (ep  cai  ...  can  c^p  ...  c-,p  p ) ) 

By  induction  on  the  length  of  t ,  the  length  of  the  normal  form  of  the  term 
(t  cai  ...  caJ  is  the  length  of  t.  So  if  |f|  ^  |tt|  then  the  length  of  the  nor¬ 
mal  forms  of  the  terms  ( t  cai  ...  ca„)  and  (u  ca,  ...  can)  are  different  and 
(/  cai  ...  can)  7 ^ 3r)  (n  c^,,  ...  can ). 

We  take  to  =  Ax  :  q.(x  cai  ...  ca„).  If  |tj  |uj  then  (u>  t)  {w  u). 

Proposition:  Let  t  and  u  be  two  distinct  normal  y-long  closed  terms  of  type 
o  =  ax  — *  ...  — *  ttn  — ►  l.  There  are  terms  cx,  ...,c„  of  type  07,  ...,on  such  that 
( t  ci  ...  cn)  ^ jn  ( u  ci  ...  c„)  and  the  free  variables  of  cj,  ...,cn  are  of  order  at 
most  two. 

Proof:  By  induction  on  the  number  of  variables  occurrences  of  t.  Let  us 


write 

t 

=  Axi 

:  qi 

....Axn 

1  ...  dp) 

and 

u 

=  Axi 

:  ax 

....Axn 

.  On*  ("Ei'  ^ 

\  d'p,) 

Fin 

=t t  Case: 

i  *  i' 

Let 

p 

11 

u, 

-»  ... 

-+  / 

and  a, 

=  %  - 

...  — *  3',  —*  l.  We  let  x 

and 

be  two  new 

variables  of  type 

1  and 

we  take  c» 

=  Ayi  :  ji 

1  — Ayp  :  3p.z 

and 

<■,'  =  A 

7.  : 

••A Up'  • 

3' 

•’v 

and 

Cj  be 

any  term 

when  j  ^ 

i  and  j  i' . 

We 

have  ( t 

f\  ...  c„ 

)  —Jn 

z  and  ( 

U  Ci 

...  cn ) 

~  3rj  -  SO 

(t  Ci  ...  cn 

)  («  Cl 

Cn)- 

S if  ci 

nnd  ('a* 

se:  i  = 

1 1 


So  we  have  p  =  p' .  For  all  j  we  let  =  Axi  :  c*i....Aa:n  :  an.d:  and 
e'  =  Aar i  :  ai....Ax„  :  an.d'.  We  have 

i  — (3n  Axi  .  aj....Axn  .  on.(x,  (ej  X\  ...  xn )  ...  (ep  Xi  ...  in)) 

and 

u  =Qn  Axj  :  ai....Axn  :  a-n.(x,  (ei  xx  ...  xn)  ...  (e'p  Xi  ...  xn)) 

Since  t  u  there  exists  an  integer  k  such  that  e*  t'k.  Let  us  write 
a ,  =  (3\  0P  i  and  0k  =  7i  — *  ...  —+7 m-u.  The  type  of  the  terms 

ek  and  e'k  is  c*i  — ►  ...  — +  an  — ♦  71  —*  ...  — ►  7m  — ►  t.  By  induction  hypothesis 

there  exists  terms  ax, ..., an,  6j, ..., bm  such  that 

( CEi  b\  ...  bjn')  •••  b\  ...  bm) 

We  let  :  be  a  new  variable  of  type  1  — »  t  —*  t.  We  let 

c,  =  Xyx  :  ft.... A yp  :  /3p.(z  ( yk  bx  ...  bm)  (a,  yi  ...  yp)) 

and  Cj  =  a.]  for  every  j  ^  i. 

Remark  that  for  each  j,  Cj[z  <—  Ax  :  i.Xy  :  i.y\  —0n  a.j,  so 

{ek  ci  ...  c„  61  ...  bm )  ^0V  (e*  cx  ...  cn  bx  ...  bm) 

otherwise  we  would  have  ( ek  ax  ...  an  bx  ...  bm)  =0T}  ( e'k  ax  ...  an  bx  ...  bm )  by 
substituting  the  variable  z  by  the  term  Ax  :  i.Xy  :  i.y.  Now 

{t  Cl  ...  cn)  =J„  (z  (ek  Cl  ...  cn  b:  ...  bm)  (a*  (ej  cx  ...  cn)  ...  (ep  cx  ...  cn))) 


and 

( 11  ci  ...  c„)  =  j„  (=  (c'fc  Ci  ...  cn  bi  ...  bm)  (a{  (e[  cx  ...  Cn)  ...  ( ep  cx  ...  c„))) 
So 

(t  Ci  ...  cn)  ^0V  (u  Ci  ...  cn) 

Proposition:  Let  t  and  u  be  two  distinct  normal  77-long  closed  terms  of  type 
o.  there  exists  a  term  w  of  type  a  — ►  1  such  that  ( w  t)  ^0r)  (w  u )  and  the 
free  variables  of  w  are  of  order  at  most  two. 
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Proof:  Let  a  =  au  an  — +  t,  by  the  previous  proposition  there  are 

terms  Ci,...,cn  such  that  ( t  c\  ...  cn )  ^gn  ( u  c\  ...  cn),  and  the  free  variables 
of  Ci,  are  of  order  at  most  two.  We  take  w  =  Xx  :  a.(x  C\  ...  cn). 

Proposition:  Let  t  be  a  closed  term  t  of  type  a.  there  exist  terms  w\,  ...,wp 
of  type  a  —*  i  which  free  variables  are  of  order  at  most  two  and  such  that 
for  each  term  u,  t  =pv  u  if  and  only  if  for  all  i,  (u)i  t)  ( w ,•  u). 

Proof:  We  construct,  using  a  previous  proposition,  a  term  w  such  that  for 
each  normal  //-long  closed  term  u  of  type  a  which  length  is  different  from 
the  length  of  the  normal  /7-long  form  of  £,  ( w  t)  {w  u).  Then  for  each 
normal  /7-long  closed  term  u  of  type  a  which  has  the  same  length  as  the 
normal  //-long  form  of  t  and  which  is  different  from  the  normal  form  of  <,  we 
construct,  using  a  previous  proposition,  a  term  w  such  that  (re  t)  (u;  u). 
Since  the  number  of  normal  //-long  closed  terms  which  have  the  same  length 
and  the  same  type  as  the  normal  17-long  form  of  t  is  finite,  this  gives  us  a 
finite  number  of  W{. 

Obviously,  for  each  closed  term  u  of  type  a,  t  =gn  u  if  and  only  if  for  each 
integer  i,  (re,  t )  =0r}  (u/,  u). 

Theorem:  (Statman)  Finite  Completeness  Theorem 

Let  (  be  a  closed  term  of  type  a.  There  exists  a  finite  model  Mt  such 
that  Mt  f=  t  =  u  if  and  only  if  t  =$„  u ,  and  the  number  of  elements  of  ML  is 
computable  in  function  of  t. 

Proof:  Let  w\ . wn  the  terms  given  by  the  propsition  above.  Let  E  be  the 

set  containing  all  the  equations  a  =  b  with  a  and  b  in  Af  and  neither  a  nor  b 
is  a  subterm  of  the  normal  form  of  an  (u/t  t)  for  some  i.  Using  a  proposition 
above  (a\  t)  =jT)  (w,  u)  if  and  only  if  (uz,-  t)  =pnE  (w,  u ). 

Let  us  consider  the  model  Mt  constructed  at  the  section  4.  Obviously 
it  1  —.it)  11  then  we  have  Mt  t  =  u.  Conversely  if  Mt  \=  t  —  u  then 
_\l,  f=  ((/>,  t)  =  (w,  u).  So  (w,  t)  =gvE  {w,  u),  therefore  (u/,  t)  =3r}  ( Wi  u)  and 

t  jrj  U . 

The  number  of  elements  of  ML  is  1  4-  k  where  k  is  the  number  of  distinct 
subterms  of  the  normal  form  of  ( wx  t)  of  type  t,  since  the  terms  ui;  are 
computable  in  function  of  t ,  the  number  of  elements  of  ML  is  computable  in 
function  of  t. 

Corollary:  Let  t  and  u  two  terms  of  type  a.  t  =gv  u  if  and  only  if  for  all 
the  finite  standard  models  A/,  A/  j=  t  —  u. 
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6  The  A-definability  Conjecture 

Because  a  simple  function  as  the  identity  over  integers  is  an  infinite  set  (al¬ 
though  it  has  a  finite  description),  set-theoretical  functions  are  not  usually 
computational  objects.  In  the  same  way,  because  completeness  theorems  con¬ 
cern  usually  infinite  sets,  model  checking  is  not  usually  an  effective  decision 
procedure.  Both  argument  fail  when  the  sets  involved  are  finite.  Indeed, 
finite  set-theoretical  functions  are  computational  objects  (e.g.  association 
lists)  and  finite  model  checking  is  an  effective  decision  procedure  (e.g.  propo¬ 
sitional  calculus). 

Definition:  Let  (Ma)a  be  the  standard  model  with  the  base  set  M  =  Mt. 
A  function  /  of  MQ  is  said  to  be  A-definable  if  there  exists  a  closed  A-term  t 
of  type  a  such  that  h(t)  =  f  (where  v  is  the  only  assignment  over  the  empty 

set ). 

Conjecture:  A-definability  Conjecture 

If  M  is  finite  then  it  is  decidable  whether  of  not  a  function  /  of  Ma  is 
A-definable. 

Remark:  The  problem  makes  sense  because  M  is  finite,  otherwise  the  func¬ 
tions  of  Ma  would  not  be  computational  objects. 

7  The  A-definability  Conjecture  Implies  the 
Higher  Order  Matching  Conjecture 

Definition:  Higher  Order  Matching  Problem 

A  higher  order  matching  problem  is  a  pair  of  terms  <  a,b  >  of  types 
at  q„  — >  3  and  3.  A  solution  to  this  problem  is  a  n-uple  of  terms 

<  t , . tn  >  of  type  Q!,...,Qn  such  that  (a  tx  ...  tn)  =gv  b. 

Conjecture  :  Higher  Order  Matching  Conjecture 

It  is  decidable  whether  of  not  a  higher  order  matching  problem  has  a 
solution. 

Proposition:  The  higher  order  matching  problem  is  decidable  if  and  only 
if  the  higher  order  matching  problem  with  closed  a  and  b  is  decidable. 


14 


Proof:  Let  <  a.b  >  be  a  problem.  Let  xx  :  /?i,...,xp  :  j3p  be  the  free  variables 
occurring  in  a  and  6.  Let 

7i  =  A  — >  •••  otx 


7 n  —  0\  ftp  —* 

=  Ayx  :  7i----^2/n  :  7n-Axx  :  A....Axp  :  £p.(a  (yx  xx  ...  xp)  ...  ( yn  x,  ...  xp)) 

6'  =  Axx  :  fix....\xp  :  0p.b 

If  we  have 

(a  tx  ...  tn)  =  b 

then 

(a7  Axx  :  i3 j....Axp  :  /3p.tx  ...  Axx  :  /?x....Axp  :  0p.tn)  =  6' 
Conversely  if  we  have 

(«'  t[ ...  O  =  v 

then 

(a  («'  xx  ...  xp)  ...  (i'n  xi  ...  xp))  =  6 


So  the  problem  <  a,  6  >  has  a  solution  if  and  only  if  the  problem  <  a\  b'  > 
has  one. 


Proposition:  The  higher  order  matching  problem  is  decidable  if  and  only 
if  the  higher  order  matching  problem  with  closed  /x,...,£n  is  decidable. 
Proof:  Let  <  a,  b  >  be  a  problem.  Let 

a'  =  Aj/i  :  i  — ►  c*x....A yn  :  i  -*  a„.Ax  :  i.(a  (yx  x)  ...  (y„  x)) 

and 

b'  =  Ax  :  4.6 

(remark  that  if  a  and  b  are  closed  then  a '  and  6'  also  are). 

Assume  the  problem  <  a.b  >  has  a  solution  tx,...,f„.  Let  z  be  a  variable 
of  type  i.  For  each  type  3  =  7i  — »  ...  — >•  7^  — *  r  we  consider  the  term 
»•<  =  Ax,  :  7, . Ax*  :  7 *.x. 

Let  xj  :  J) . rp  :  be  the  variables  occurring  free  in  the  ter ms/j....,/n, 

/'  =  /,[xi  ♦—  u’j, . rjt  <—  and  u,  =  Ax  :  i.fj.  We  have 

(a1  uj  ...  h„)  =  b' 
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So  the  problem  <  a1,  b'  >  has  closed  solution. 

Now  if  the  problem  <  a', b'  >  has  a  closed  solution  ui,...,u„  then  let  2  be 
a  variable  of  type  1  and  t,  =  (u,  z).  We  have 

(a'  uj  ...  u„)  =  b' 


so 


Ax  :  L.(a  ( tii  *)  •••  (un  x))  =  Ax  :  i.b 
(a  ( ui  z)  ...  (iin  z))  =  b 
(a  ti  ...  tn )  =  b 

So  the  problem  <  a,b  >  has  a  solution  if  and  only  if  the  problem  <  a',  b'  > 
has  a  closed  solution. 


so 


i.e. 


Theorem:  (Statman)  If  A-definability  is  decidable  then  higher  order  match¬ 
ing  is  decidable. 

Proof:  Let  us  assume  the  A-definability  conjecture.  We  take  two  closed 
terms  a  :  ax  —*  ...an  — »  0  and  b  :  0  and  consider  the  model  Mb  constructed 
in  section  5.  Let  A  =  i>{a)  and  B  —  i/(b)  (where  u  is  the  only  assignment 
over  the  empty  set).  By  an  enumeration  procedure  we  select  all  the  n-uples 

<  r, . Tn  >  such  that  A{T\,  ...,Tn)  =  B.  The  problem  <  a,  6  >  has  a 

closed  solution  if  and  only  if  there  is  such  a  n-uple  such  that  all  the  7i  are 
A-definable. 

Indeed  if  the  problem  <  a,  b  >  has  a  closed  solution  <  tj,  ...,tn  >,  then  let 
T,  =  the  T,  are  A-definable  and  A(Ti,  ...,T„)  =  B.  Conversely  if  there 
are  A-definable  7\,  ...Tn  such  that  A(7\,  =  B.  Let  1 1,  ...,fn  be  the  terms 

such  that  Ti  =  £(L).  We  have  f=  (a  t\  ...  <„)  =  b.  So  (a  <1  ...  tn)  —gv  b. 
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